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Abstract—1In this paper, we study low-complexity linear
precoding for downlink massive multiple-input multiple-output
(MIMO) systems, exploiting a statistical method. In sharp con-
trast to traditional linear precoding algorithms, our proposed
efficient randomized iterative precoding algorithm (ERIPA) not
only avoids costly matrix inversion but also considers the
complexity reduction of matrix multiplication involved, thus
enabling more efficient linear precoding. Additionally, ERIPA
is demonstrated to have both exponentially fast and global
convergence, making it adaptable to various practical scenarios of
massive MIMO. We also investigate the convergence phenomenon
of ERIPA in relation to the selection of the sampling distribution
during random iterations. After that, the concept of conditional
sampling is introduced to ERIPA such that significant system
potential can be beneficially exploited in terms of both precoding
performance and computational complexity. Finally, simulation
results regarding the downlink massive MIMO are presented to
confirm the superiorities of the proposed ERIPA.

Index Terms— Massive MIMO, linear precoding, low complex-
ity, global convergence, iterative methods, convergence analysis
and enhancement.

I. INTRODUCTION

ASSIVE multiple-input multiple-output (MIMO),

which is one of the key technologies for enabling
beyond fifth-generation (B5G) and sixth-generation (6G)
wireless communications, is capable of dramatically
improving the spectral efficiency and power efficiency trade-
offs [1], [2], [3], [4]. However, the downlink performance of
massive MIMO is severely limited by the existence of multi-
user interference. As a remedy, the technique of precoding is
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widely accepted for mitigating multi-access interference [5],
[6], [7], [8], [9]. By targeting the transmitted signals at the
intended receivers, various linear precoding schemes, such as
zero-forcing (ZF) and regularized ZF (RZF), can approach
the channel capacity when the number of antennas (denoted
by N) at the base station (BS) is sufficiently higher than
that employed at the user side (denoted by K), i.e., N > K
[10], [11], [12]. Unfortunately, both ZF and RZF involve
complicated matrix computations such as matrix inversion
and matrix multiplication. For example, the complexity order
of matrix inversion is O(K?) that hinders the practical
implementation of ZF or RZF, especially for massive MIMO
systems with a high-dimensional downlink. Towards this end,
various low-complexity linear precoding schemes have been
designed to circumvent the need for matrix inversion [13],
[14], [15], [16], [17], [18], [19].

In particular, in [20], the Jacobi iterative method is applied
for low-complexity linear precoding. However, the Jacobi
iteration-based precoding only works when N > K. In fact,
besides the Jacobi iterative method, other low-complexity pre-
coding schemes based on the series expansions like Neumann
series (NS), Newton iteration (NI), also have to fulfill the same
convergence requirement [21], [22], [23], [24], [25], making
them impractical for numerous cases of interest. On the
other hand, in [26], the Richardson iteration is employed for
linear precoding with an introduced relaxation coefficient w.
As a key to control matrix splitting, much more efforts have
been devoted on the choice of w to guarantee the iteration
convergence. To strengthen the precoding performance, the
Gauss-Seidel (GS) iteration which entails a faster convergence
than both the Jacobi and Richardson iterations is adopted
in [27], [28], and [29]. Furthermore, by incorporating the
relaxation coefficient w to the GS iteration, the successive
over-relaxation (SOR) iteration is conceived for improved
precoding performance [30], [31]. Furthermore, other works
investigating low-complexity iterative precoding algorithms
have been explored under different system settings, e.g., [32],
[33], [34], [35], [36], and [37].

Apart from these iterative precoding methods, a statistic
precoding scheme referred as to randomized iterative precod-
ing algorithm (RIPA) is proposed in [38], which seamlessly
incorporate random sampling with iterations. More specifi-
cally, RIPA not only ensures a low complexity cost due to
its exponentially fast convergence, but also exhibits global
convergence in more general settings. This significantly broad-
ens the flexibility of the low-complexity linear precoding,
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making it promising for applications in various B5G and
6G wireless communication networks. For a better precod-
ing trade-off between the complexity and performance, the
modified randomized iterative precoding algorithm (MRIPA)
is also presented in [38]. Besides, other randomized iterative
precoding schemes can also be found in [39] and [40], but the
related convergence analysis about the global convergence is
not addressed in those works that call for further investigation.

Despite the aforementioned works that seek a
low-complexity implementation of matrix inversion in linear
precoding, the complexity reduction of matrix multiplication
have not been thoroughly considered. Specifically, the
required operations of the matrix multiplication are usually
deemed as a preprocessing stage serving for the subsequent
low-complexity iterative methods to avoid matrix inversion.
Consequently, the computational burden of the matrix
multiplication is not explicitly accounted in many existing
low-complexity linear precoding schemes. In fact, compared
to matrix inversion with a complexity order of O(K?),
matrix multiplication in linear precoding with a complexity
order of O(NK?) is also computationally expensive [41],
especially in scenarios with a large number of antennas.
As such, reducing the complexity of matrix multiplication in
linear precoding is equally important as the one in matrix
inversion. The low-complexity work in [19] proposes an
efficient method to approximate the matrix multiplication by
interpolation but without concerning the matrix inversion.
To address this fundamental issue, an efficient randomized
iterative precoding algorithm (ERIPA) is proposed in this
paper, which aims to efficiently bypass the need for both
matrix inversion and matrix multiplication in linear precoding
at a low complexity cost. To the best of our knowledge, this
is the first comprehensive study on the complexity reduction
of matrix multiplication in linear precoding.

In summary, we advance the research of low-complexity
iterative precoding in the following several aspects.

o First of all, the efficient randomized iterative precoding
algorithm (ERIPA) is designed, which approximates both
matrix inversion and matrix multiplication in linear pre-
coding via a statistic approach.

« Secondly, the convergence analysis with respect to ERIPA
is carried out and we demonstrate its exponentially fast
and global convergence to the target solution. Upon
the result, the convergence rate of ERIPA is explicitly
derived, and the impacts of the sampling distribution
choices on the randomized iterations are also investigated.

e Thirdly, by customizing the conditional sampling into
ERIPA, remarkable convergence gain can be achieved,
which leads to an enhanced convergence performance
while maintaining a lower complexity cost.

The rest of this paper is organized as follows. Section II
presents the classic linear precoding for downlink massive
MIMO and briefly reviews the existing low-complexity iter-
ative precoding schemes. In Section III, ERIPA is proposed
with the complexity analysis for efficient implementation.
Then, in Section IV, convergence analysis associated with
ERIPA is carried out to demonstrate its global and exponential
convergence, followed by the investigation of the sampling
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distribution in randomized iterations of ERIPA. In Section V,
the mechanism of conditional sampling is leveraged by ERIPA
for striking a better precoding trade-off between performance
and complexity. In Section VI, simulations associated with the
proposed ERIPA for downlink systems in massive MIMO are
presented, and Section VII gives the conclusion in the end.

Notation: Matrix and its column vectors are respectively
indicated by upper and lowercase boldface letters. The
transpose, conjugate transpose, inverse, square root and pseu-
doinverse of matrix B are represented by B” BY B!,
B2 and Bf. We employ b; for the ith column of matrix
B, b;; for the element in the ith row and jth column of
matrix B. Next, let (X,Y)pw-1) = Tr(X?W-1YW™!)
stand for the weighted Frobenius inner product, where W €
C™*™ is a symmetric positive definite matrix and X,Y €
C™*™ In addition, let ||X||f,(w,1) 2 Tr(XHEW-IXW1) =
[W~-2XW~2|2, where || - || denotes Frobenius norm with
the identity matrix I and Tr(-) stands for the matrix trace.
E[-] indicates the expectation of a random variable. Finally,
in this paper, the computational complexity is measured by
the number of multiplication operations.

II. BACKGROUND

In this section, the classic downlink linear precoding for
massive MIMO is first introduced, followed by a brief review
of existing low-complexity iterative precoding schemes.

A. Linear Precoding for Downlink Massive MIMO

Assume that the base station (BS) is equipped with N
antennas and there are K single-antenna user terminals (UT)
being served simultaneously such that N > K holds. During
the downlink transmission of this multi-user massive MIMO,
let s = [s1,...,sk]| represent the source information sent to
the K users, and then the received signal y € C¥ at the UTs
stacking in a vector can be expressed by [13], [14], [15], [16],
[17], [18], [19], [30], [31], [32], [33], and [34], etc.

y = VoH”Gs +n. (1)

Here, H € CNV*X js the transmission channel matrix, G €
CN*K denotes the desired precoding matrix, the coefficient
o > 0 represents the transmit power on average at the BS,
n € CX is the additive white Gaussian noise (AWGN) with
each element following CA/(0, o2). Note that s and G should
satisfy the requirements of E{||s||?} = 1 and Tr(GGH) =
1 due to the power constraint.

Given the system model in (1), in order to mitigate the
multiuser interference, the linear ZF precoder for the downlink
transmission is given by [42]

G, = SHH"H)?, 2)

where 5 > 0 is a scaling coefficient for normalizing the signal
power. Clearly, ZF precoder guides the transmitted signal to
the desired user but nulling in the undesired transmission
directions to others. Moreover, regularized ZF (RZF) precod-
ing is formulated by [43]

Grzf = BH(HHH+§I>_1 (3)
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based on the criterion of mean squared error (MSE), where 1
denotes the identity matrix with a scalar regularization factor
& > 0. In principle, RZF precoding naturally degenerates to
ZF precoding when & — 0 while it works as the traditional
maximal ratio transmission (MRT) if & — oo. Note that the
instantaneous channel state information (CSI) is considered
for the linear precoding [13], [14], [15], [16], [17], [18], [19],
[301, [311, [32], [33], [34] etc..

B. Low-Complexity Iterative Precoding

In [22], the Neumann series (NS) is employed to facilitate
the design of low-complexity linear precoding via circumvent-
ing the need for matrix inversion, thus reducing computational
complexity. Specifically, by letting the precoding matrix

G =[HA™! 4)

with A = HFH ¢ CKE*K for ZF precoding and A =
HPH + ¢I € CKX*X for RZF precoding, the Neumann series
approximates the matrix inversion of A by the following series
expansion (SE) [11]
ATl =) "(1-0A)e (5)
k=0

if the convergence condition klim (I-®A)* = 0 is satisfied.!

Here, © represents a K x K _d)i);gonal matrix, k is the index
of the iterations. Other modifications based on the SE for
low-complexity linear precoding are referred to [18], [21],
[44], and [45]. Based on the approximated matrix inversion
obtained by SE, a dynamic updating mechanism for computing
the matrix inversion given any small variations of the system
configuration (e.g., add or remove a user terminal from the
network) is also given in [46]. Nevertheless, all these SE-based
low-complexity iterative precoding methods impose the same
stringent convergence requirement as the NS.

On the other hand, given (4), the system model in (1)
becomes

y = VoH? Gs+n=\/opH"HA 's+n=,/0BH" Ht+n,
(6)

where t = A~!'s € CK. In this approach, the problem of
matrix inversion regarding A is equivalently transformed into
the problem of finding t in the following linear system:

At =, 7

since they output the same result by Gs = SHA ~!s = SHt.
Therefore, letting the target precoding solution be t* = A~1ls,
the classic iterative methods can be introduced to solve the
linear system in (7) at a low complexity cost [27].

Specifically, the matrix splitting method with respect to A =
P + Q, with P € CE>*K and Q € CKX*X | is applied. Based
on it, iterative methods can be employed to compute the target
t* via the following iterations [47]

tht! = Btk 4+ f, (8)

'In [21], the sufficient convergence condition is derived explicitly as
N/K > 5.83.
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with the iteration matrix B = —P~1Q =I-P~ 1A € CExK
and f = P~!s € CX. In theory, the convergence of the
iterations is ensured if [24]

lim BF = 0, )

k—oo

where k stands for the number of iterations.

From (8), the crux of these iterative methods clearly lies
on the way of matrix splitting, which naturally accounts for
different convergence performance. Typically, for the Jacobi
iteration method, the formation of matrix splitting with P =
D, Q = L+ U is employed, where D € CK*K T, ¢ CK*K|
U ¢ CK*XK are diagonal, lower triangular, upper triangular
entries of matrix A. Besides, in Richardson iteration, matrix
splitting with P = %I and Q = A — %I is applied, and the
coefficient w > 0 serves as a relaxation coefficient. As for
the GS method, its iteration is accomplished with that of the
matrix splitting P = D 4+ U and Q = L, which achieves a
faster convergence performance than Jacobi and Richardson
iterations [29]. Furthermore, based on the GS iteration, the
relaxation coefficient 1 < w < 2 is introduced so as to the
SOR iteration conceived by

(D 4+ WUt = [(1 —w)D — wLJt* +ws,  (10)

where the GS iteration turns out to be a special case of SOR
iteration with w = 1. Apart from these deterministic iterative
methods, the statistical iterative methods resorted to random
sampling are also introduced into the linear precoding, which
are briefly described in the following. Note that the demand of
near linear precoding performance with less complexity cost
always holds independent of the accuracy of the obtained CSI.

C. Randomized Iterative Precoding

In [38], randomized iterative precoding algorithm (RIPA) is
presented for downlink systems in massive MIMO. By merg-
ing the random sampling to the traditional iterations, RIPA
attains a low computational complexity for precoding while
enjoying the globally exponential convergence at the same
time.

In particular, RIPA operates via the following iterations

65 = t5 4 ATIS(SYS)) IS (s — AtY). (D)

At each iteration, the matrix S, € CK*4 is sampled randomly
over an artificially designed sampling distribution D(Sy),
namely, Sy ~ D(Sg). More precisely, in RIPA, the sampling
set of Sy, is designed as {I. o,,...,L. o, }, where I. o,, 1 <
1 < r indicates a column segmentation of Ik . Note that
Q; = {index 1,...,index ¢;} C {1,..., K} represents a set
of index with set size |Q;| = ¢, i.e.,

I:,Qi - [I:,index 1y--- 7I:,index q,i]a (12)
which forms a block like the following example:
{1,2,5}U...U{4,8,12} ={1,...,K} (13)
——— ———

Q1 Qr

with @, N Q; = 0,1 < i # j < r. More specifically,
the allocation in every set Q; are decided at the beginning
such that the following sampling regarding Sy, is performed
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iteratively. In addition, the same block size |Qi| = ... =
|Q-| = K/r = q, namely, ¢ = ... = g, = g, is employed
for simplicity. In the following, we reveal the convergence of
RIPA.

Theorem 1 ( [38]): Regarding the downlink massive
MIMO, let Sy, € {L. o,,...,1. 0,} be obtained by sampling
Sfrom distribution D(Sy,), RIPA following (11) converges by

ElIt* —t*|[Fana)) <10 =t [ Fanay (14
with global and exponential convergence rate
p <Ll (15)

From Theorem 1, it is easy to confirm the global con-
vergence because the associated convergence rate p of the
iteration in RIPA is always less than 1 regardless of any
specific requirements. Then, based on RIPA, by beneficially
taking advantages of the conditional sampling probability,
MRIPA is designed for further improvements about iteration
efficiency and convergence [38].

III. EFFICIENT RANDOMIZED ITERATIVE PRECODING
ALGORITHM

As clearly shown in (2) and (3), the computations of linear
precoding consist of both matrix multiplication and matrix
inversion operations, e.g.,

matrix inversion

G,;=pH(HTH),

matrix multiplication

(16)

where the associated computation is generally expensive with
the increment of the system dimension. However, most related
low-complexity linear precoding works only focus on bypass-
ing the matrix inversion step while overlooking the necessary
complexity reduction regarding to matrix multiplication.

Specifically, as shown in (4) and (7), the existing com-
plexity reductions for matrix inversion are carried out based
on the given matrix A = HPH without concerning the
acquisition of A via matrix multiplication. In other words,
they deem the matrix multiplication of A = H”H as a
preprocessing operation, which does not exactly count towards
the complexity evaluation. However, the complexity of matrix
multiplication H?H (i.e., O(NK?)) is actually comparable
to that of matrix inversion (H?H)~! (i.e., O(K?)), which
is also worthy of being properly reduced. Hence, ERIPA is
proposed in this paper, which returns the desired solution
of linear precoding by efficiently approximating both the
matrix inversion and multiplication. By doing so, significant
computational complexity can be saved without compromising
the rapid convergence of randomized iterative precoding.

A. Algorithm Design
To start with, we focus on the low-complexity ZF precoding
for downlink systems in massive MIMO in (1). Then, the
randomized iteration in ERIPA is designed by
th = tF 4+ 1 o, (HF H. o,) 1 (17, s — HI, Ht"),
17
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Algorithm 1 ERIPA for Downlink Precoding in Massive
MIMO
Require: H, t° =0, L, 3, ¢
Ensure: Near ZF or RZF precoding result Gs = SHt”
1. fork=1,...,L do

2 form=1,...,K/q do

3: Sample Q; by (18)

4: Iterate t according to (17) or (19)
5 end for

6: end for

7. Output Gs = SHA s = gHt!

while at each iteration the set of column indexes Q; is sampled
from the distribution D with a sampling probability
pi = D(Qy), (18)
such that the matrix H. o, = HI. o, € CN*4 can be attained
with the sampling result Q;. > For example, if the index set
Q1 = {1,2,3} is selected, then we have H. o, = [h; hy hs],
where h; denotes the i-th column of channel matrix H.
Similarly, as for the near RZF precoding performance, the
randomized iteration in the proposed ERIPA becomes®

tk+1 = tk + Iini (H:I,JQiH:,Qq‘, + IfIQiEI:,Qi)il[I:{{QiS
— (|, H+17, cD)th). 19)

Here, the same block size Q1] = ... = |Q,| = K/r = q is
exploited while the indices contained in Q;, 1 < ¢ < r are
fixed at the beginning. Intuitively, a sequential order such as
H:’Qi = [h(i—l)q+1u ey hzq} with Ql = {(Z—l)q+1, N 7Z'(]},
can be employed to establish these index sets. Please note that
the random sampling based on (18) is carried out among the
sets {Q1,...,Q,} rather than the indexes within a specific
set Q,. In addition, we set t9 = 0 for the sake of simplicity.
Consequently, according to the random selection of Q; at each
iteration, the random iteration in (17) or (19) is carried out
block-by-block given the block size g, which converges to
the desired ZF precoding solution t* = (H#H) s or RZF
precoding solution t* = (H”H + ¢I)~'s exponentially fast.

Clearly, given the random iterations in (17) and (19), the
complicated matrix computations, such as the multiplication
of H”H and the inversion of (H#H)~! are not involved in
the proposed ERIPA. Here, we point out that a small choice
qg < N is recommended to simplify the matrix operation
involving H. o, in (17). However, a large value of ¢ also
facilitates a better convergence performance as more elements
of t are updated at a time. Therefore, there is a trade-off with
respect to ¢ between the convergence and the computational
complexity in the proposed ERIPA. As for the current work,
the flexible choice of 1 < ¢ < VK is preferred, and further
study regarding to ¢ is one of our future work.

>More specifically, the set of column indexes Q; behaves like a random
variable with distribution D(Q;), so that Q; ~ D(Q;), where ~ means
“with a probability distribution given by”.

3Clearly, the randomized iteration for RZF precoding degenerates to ZF
precoding when £ is 0.
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B. Efficient Implementation by Complexity Analysis

Since the computations about I:I,{qu &I o, and I:{{Qiﬁtk
in (19) can be obtained instantly, we consider the complexity
of ERIPA with respect to the random iteration in (17), which
could be significantly simplified by taking advantages of the
special structure of I. o, .

Typically, given the index set Q; with a sequential order,
one can express the matrix I:I,{sz by

which means both I:I,{Qi and I. o, are controlled by the inner
q X q nonzero submatrix. More importantly, each column or
row of such a submatrix only contains one nonzero element 1,
thus leading to a further complexity reduction in the proposed
ERIPA. More specifically, thanks to the special construction
of matrix I. o, in (20), multiplying I. o, with (H?Q,iH:7Q7‘,)71
in (17) could be simplified by the direct shift as well as matrix
augmentation by 0, e.g.,

0 0 0 0 0 O
0 0 1| fa b ¢ g h 1
0 0 O|(fd e f|l=1]0 0 0], (21)
0 1 0|lg h i d e f
1 0 O a b ¢

which results in a negligible complexity. Meanwhile, similar
efficient operations can also be employed to obtain the terms
Ifgis and H. ¢, in (17).

Since the K x ¢ matrix I. o, (H:I:IQiH:7Q'i)_1 is completely
controlled by the ¢x ¢ nonzero submatrix in it (i.e., all the other
elements excluding this submatrix are Os), the complexity of
multiplying it with the vector term (I:{{Qis — HHQ Ht") e C¢
can be simplified as ¢%. As for the term Htk, it can be
obtained with computational complexity N K. However, since
only ¢ elements in t are updated at each iteration, given
t? = 0, the complexity of computing Ht" at each iteration
can be reduced to ¢/N. Furthermore, multiplying HHQ with
Ht* costs ¢N. To sum up, considering the fact that the
computational complexity of (H:I,{QiHC,Qi)il is ¢ + ¢®N,
the total complexity for each iteration in the proposed ERIPA
is ¢> +¢*N +¢*> +2qN, which is O(K N) with the block size
q=VK.

On the other hand, to ensure a fair comparison over other
iterative precoding algorithms (i.e., all the components of t
are updated at each instant), a full iteration that involves
K /q iterations of (17) is also used by ERIPA.* Hence, this
results in the complexity O(K!'-5N) of a full iteration in
ERIPA, which is still superior to other low-complexity iterative
precoding algorithms. To sum up, the proposed ERIPA for the
downlink systems in massive MIMO is shown in Algorithm 1.
In particular, the outer loop given by steps 1-6 of Algorithm 1
represents a full iteration of ERIPA and it includes K/q
times randomized iterations of (17) or (19). Meanwhile, for a

“Note that the values of K/q and g should be integers in practical cases.
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better understanding, in Table I we contrast the computational
complexity of the proposed ERIPA to those of the related
literature, in which k represents the number of iterations fully
implemented.

IV. CONVERGENCE STUDIES

In this section, we analyze the convergence behaviour of the
proposed ERIPA. By means of the MSE criterion, the global
and exponentially fast convergence of ERIPA is proved based
on the derived convergence rate. Meanwhile, the selection of
the sampling distribution D is also investigated to harness the
randomized iteration in ERIPA.

A. Global and Exponential Convergence

First of all, given the full column rank property of the
channel matrix H, the matrix H” H turns out to be symmetric
positive definite, which can be easily verified in the sense of
lattice theory [48]. From it, the eigenvector matrix V of H7H
can be readily obtained as (e.g., [49], Chapter 8)

VvV =VVH = vy =-HIH. (22)

We emphasize that V is not involved in the implementation
of ERIPA, but is only exploited to pave the way for the
convergence analysis.

Theorem 2: Regarding the downlink massive MIMO, let
Si = H. o, be obtained by sampling from the distribution
D, ERIPA given in (17) is convergent

E[[V(t* —t*)[I”) < p* [V (£° — )| (23)
with an exponentially fast and global convergence rate
p=1-\mn(HHE[Z]) < 1, (24)
where
Z21o,(HIGH o) 'T, . (25)

Proof: First of all, based on the definition in (25), the
random iteration in (17) becomes

thtl = t* 4+ ZHPH(t" — tY), (26)
which can be further reformulated as
thtl —t* = (1 - ZHPH)(tF —t*). (27)
Then, for ease of presentation, by letting r;, = t*¥ — t*,
we have
rer1 = (I— ZH?H)ry, (28)
and the following derivations can be obtained
V(£ — )
=rivHvr, (29)
(@) H

vl (1-ZH"A)YVAV(I-ZH H)r,

=rf (V-VZH'H)?(V - VZH"H)r)_,

=rf (VIV -VHVZH'H - H'HZ? VIV
+HIAZIVIVZH H)r)_,
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TABLE I
COMPLEXITY COMPARISON OF ITERATIVE PRECODING SCHEMES
Matrix Multiplication Matrix Inversion Matrix Multiplication || Matrix Inversion
ZF or RZF O(NK?) O(K?3) GS [28] O(NK?) O(K? - k)

S [22] O(NK?) O(K? - k) for k <2 SOR [31] O(NK?) O(K? - k)
Newton [25] O(NK?) O(K? - k) RIPA [38] O(NK?) O(K?%3 - k)
Jacobi [20] O(NK?) O(K? - k) MRIPA [38] O(NK?) O(K? - k)

Richardson [26] O(NK?) O(K? k) ERIPA O(K'®N - k) in total
(:b)rkal(VH V - VAVZHIH)r;,_,, (30) On the other hand, the symmetric matrix Z in the expecta-

where the equality in (a) stems from (28) and the equality
in (b) holds due to the facts ZHVHVZ = Z and VIV =
HIH.

Next, according to law of total expectation,’ we can get

= BIE[|[ Vi [rr])-

Meanwhile, given (30), it follows that

E[[Vre|?] 31)

(VEV - VAVZH"H)r),_,
k

vl | (VH V - VAVZVIV)r, ]
[ VII-VZVT)Vr,

[

]
<I VZV )Vri_1, Vrg_1)]

= (1= VE[Z]V")Vr;_1, Vri_1)
<|T=VE[ZIVI| - [ Ve |
D Nnax(I — VE[ZIV) [ Ve_y
=(1- )‘mm(VE[Z]VH))||Vrkfl||2
= (1= Amin(VVYE[Z)])) || Vr o |
= (1= Auin(HTHEI[Z))) | Vrjo—1 ||?
= pl[Vrys_a|? (32)
with
p=1- duin(H'HE[Z)), (33)

where Apin(+) and Apax (+) respectively represent the minimum
and maximum eigenvalues of a matrix. Here, the upper bound
shown in (c) originates from the symmetry of the matrix
I — VE[Z]VH . Therefore, by cooperating (32) into (31),
we can arrive at

B[V (t*

B[V (" —t*)|*rp-1]]
B[V =)

t7)|°]

(VAN VAN VAN

PRIV~ )]
IV — )12

DL

(34)

5The expected value of the conditional expected value of random variable
X given random variable Y is the same as the expected value of X, i.e.,
E(X)=E(E(X|Y)).

tion formation (i.e., E[Z]) is positive definite because of the
full column rank matrix H, namely,

E[Z]
=Y plo (HGH o) 1,
i=1
"1 _1 _1 1
_ (prlz,gi(HfQin,Qi) E, o) QIz’fgipf>
=1
= (13)(J1")
=J? (35)

with the invertible and block diagonal matrix J € CK*X

1
LpE(HAY H.0)7%), (36)

1

1
J=diag(p?(H, H. 0,)77, ..
which leads to the result
Amin(E[Z]) > 0.

Meanwhile, since the matrix H H is symmetric and positive
definite as well, we can see that Ay, (HPHE[Z]) > 0 yields

p=1- nn(H'HE[Z]) <1 (38)

(37

which completes the proof. [ ]

By Theorem 2, the proposed ERIPA with randomized itera-
tion in (17) exhibits exponentially fast convergence towards
the target solution t*. More importantly, it is clear to see
that ERIPA is always convergent as long as p < 1, making
it highly flexible to different practical scenarios of massive
MIMO systems including the case of multi-user with multiple
antennas.® Similarly, the convergence proof for the randomized
iteration in (19) converging to RZF precoding can be readily
attained in the same way, which is omitted here for brevity.
On the other hand, to ensure the approximation error smaller

than a specific value
E[[V(E* —9)]7] < e V(£ — )] (39)

with 0 < € < 1, the iteration number k is lower bounded by

: <1>
log |- |,
—p e

®Here, even the imperfect channel matrix H is encountered, the conver-
gence of ERIPA still holds as the matrix HHH remains symmetric positive
definite.

k2 (40)
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with inequality In(1 — §) < —§ for 0 < ¢ < 1. Intuitively,
a tractable ERIPA can be attained by tuning k. In addition,
as shown in (23), the convergence of randomized iteration
can also be beneficially exploited with a better choice of t°.
Therefore, if it is possible, a closer t° to the target t* is highly
desired to the proposed ERIPA.

B. Impact of Sampling Mechanism

On the other hand, regarding to the sampling probability
D in (18), a straightforward choice is to exploit the uniform
distribution and its impact to the convergence of ERIPA is
summarized in the following Corollary.

Corollary 1: Let Q; follow the uniform sampling
probability
1
pi=—, 41
r

ERIPA is convergent by

E[[V{E* = t)1°] < plnitom [V (E° =92 42)
with
)xmin(HHH)
niform = 1 — — - mi <1 43
Punifo r Iniln{)\max(HfIQiH;’Qi) (43)

Proof: First of all, based on (35), it follows

(d)
Amin(HPHE[Z]) = Apin(HTHJI?) > Apin (H7H) Anin (J?),
(44)
where the inequality in (d) stems from Api,(EF) >

Amin (E) Amin (F') for any positive definite matrices E, F. Then,
from (36), we have

1 1
7 Amax (H:I,_IQT;HHQi)

)\min(JQ) = (45)
with a uniform sampling distribution p; = 1/r.

Next, by (44) and (45), the convergence rate p in (24) is
derived as

p=1-\un(HIHE|Z)])
<1 = Apin(HTH) A\in (%)

1 . Amin (HF H)
<1-——-min 7
roo )‘maX(H:,QiH:,Qi)

= Puniform

<1, (46)

where the global convergence puniform < 1 is still achieved as
all the eigenvalues of a symmetric and positive definite matrix
(i.e., HTH) are positive. [ |

From (43), on one hand, the convergence rate partially relies
on the specific size of ¢ (i.e., ¢ = K/r = |Q;]) and the specific
partitions of H (i.e., H. g,). On the other hand, the con-
vergence performance of pyniform 1S also controlled by the
condition number & = Apa (H7H) /Apin(H H), and a small
k beneficially enables a faster convergence rate.

To be more specific, Fig. 1 is given to illustrate the
convergence rate puniform Of ERIPA in different antenna sizes
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Fig. 1. Convergence comparison of pypiform in ERIPA for 128 x 64, 256 x 64,
512 x 64 and 1024 x 64 massive MIMO systems.

of massive MIMO systems, where the sequential partition
like Hi,Qi = [h(i—l)q+17' .. 7hiq] with QZ = {(Z — 1)(] +
1,...,ig},1 <i < risapplied. In particular, with the increase
of ¢ = 2,4, 8,16, 32, all the convergence rates pypiform become
faster. This can be interpreted as more elements of t are
updated at a time, thereby leading to a better convergence.
Meanwhile, with the increase of antennas at the BS, i.e.,
N = 128,256,512,1024, the convergence rate pyniform also
becomes faster gradually. This is because the channel matrix
H € CV*K becomes more and more orthogonal such that the
off-diagonal elements of H” H become negligible gradually
because hff x h; — 0 (this is known as the effect of
favorable propagation [50], [51]), which corresponds to a
smaller condition number x of gram matrix H” H.

V. FURTHER ENHANCEMENT

In this section, by well exploiting the conditional sam-
pling, we show that the proposed randomized iteration in
ERIPA turns out to be deterministic, which results in further
improvements in both iteration convergence and implementa-
tion efficiency.

A. Adoption by Conditional Sampling

Specifically, given the random sampling probability p;
in (18), we define its conditional counterpart as
Bi 2 D(QilQy), i # )= T, i# .
-y
Here, Q; and Q; respectively denote the sampling results in
the current and last randomized iterations. By removing Q;
(i.e., for iteration k — 1) from the sampling space of Q; (i.e.,
for iteration k), the case that a same set Q; is chosen by two
consecutive iterations can be avoided, leading to an improved
sampling diversity. As such, the components update of t can be
realized more efficiently, so as to achieve a better convergence.
Specifically, given the conditional sampling probability p;
in (47), the conditional expectation about Z given the previous
sampling option Q; becomes

E[Z]Q;]

T
= Z ﬁiIhQi(H:I:IQ,iHHQi)_lI:{Ii
i=1,i#j

(47)
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1

= Z B o (HM, H. o) % (HM, H. o) # 19, 52
i=1,i#j
— ==H

= (LJ)(J1"), (48)

and is symmetric and positive definite. More specifically,
matrix I € CK*(K=9) accounts for identity matrix
I getting rid of the columns belonging to Q; and
matrix J € CHE-9x(K=9) has the formation J =
diag(pl (HleHi,Ql) %, .- '17pj—1(H:F,IQj,1HZ,Qj—1)7%aﬁjf-i-l
( :I:IQjJrlH:ijJrl)_%’ S PF (HfIQV,-H%Qr)_%)'

From E[Z|Gy_1] in (48), the global and exponential con-
vergence performance of the conditional randomized iteration
in ERIPA can be readily verified.

Theorem 3: Regarding the downlink massive MIMO, let Q;
be randomly sampled by the conditional sampling probability
D; in (47), ERIPA is convergent by

%

BIVE* —t)P] < p|V(EF — )] (49)
with a global and exponentially fast convergence rate
p=1-dm(H"HE[Z|Q)]) < 1 (50)

Here, the Theorem can be proved by following a similar
approach as that for Theorem 2. Based on it, we have the
following result to illustrate the introduced convergence gain.
Corollary 2: With p; in (47), ERIPA achieves an improved
convergence than that with p; in (18) due to a smaller
convergence upper bound.
Proof: With the conditional sampling probability p;, the
convergence rate of the randomized iteration is upper bounded
by

7= 1 An(HTHE[Z/Q,))
<1 — Apin (I E) A (T°)
[ Amin (HF H)
<1- . ‘ 51

As a comparison, with sampling probability p;, the conver-
gence rate is upper bounded by

p=1-\un(HTHE[Z]) < 1
n(HIH

~min{p - D8 )

H )‘maX(H:,QiH:,Qi)

As a result, one can observe that p attains a smaller upper
bound than p by

min T Pi - — ¢ >min f; ,
i )‘maX(H:,QiH1>Qi t ) L AmaX(H:,QiHhQi)
(53)

due to the facts Amax (H o H. 0, |i # j) < Amax(H/ H. 0,)
and p; > p;. [ |
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B. Upgrade by Multi-Step Conditional Sampling

By incorporating conditional sampling, the convergence
performance of the algorithm can be improved by considering
more sampling results from previous iterations. Typically, this
corresponds to the following multi-step conditional sampling
probability

Pl £ D(Qi[Qy---. Q)
with Q; ¢ {Q;,...,Q;}, where Q; denotes the sampling
choice of the (k — f)-th randomized iteration. In other words,
all the previous f randomized iterations, i.e., k— f,..., k—1,
are considered in sampling of Q; at the current k-th iteration,
where the conditional sampling probability p, in (47) is
actually a special version of ]5{ when f = 1. Moreover, the
sampling probability p; in (18) is essentially the same as ﬁf
with [ = O ‘Based on the multi-step conditional sampling
probability pZ , we have the Theorem below, where the proof
is omitted due to brevity.

Theorem 4: Regarding the downlink massive MIMO, let Q;
be sampled randomly from the conditional sampling probabil-
ity ﬁf in (54), ERIPA is convergent by

(54)

E[[V(E* =) <pTIIVET =912 (59)
with a global and exponentially fast convergence rate
' =1-\uin(HTHE[Z|Q;,...,Q]) < 1.  (56)

According to the above Theorem, the convergence gain
introduced by the multi-step conditional sampling can be
easily confirmed in the following, where the proof is similar
to that in Corollary 2.

Corollary 3: As the increase of 1 < f < r — 1, the
convergence of ERIPA with ]3{ in (54) gradually improves by
a smaller convergence upper bound.

By Corollary 3, the smallest convergence upper bound is
attained with f = r — 1. More interestingly, with f = r — 1,
there is only one sampling option for Q; if & > r — 1.
This means that the underlying sampling operation becomes
deterministic. Clearly, this is beneficial to the implementation
of ERIPA, which not only avoids the use of random sam-
pling but also boosts the convergence performance. Therefore,
to achieve more gains in both efficiency and convergence,
multi-step conditional sampling based on f = r—1 is preferred
in ERIPA, which substitutes p; in (18) at step 3 of Alg. 1 by 1’9{
in (54). As for future work, the efficient statistical methods can
be further extended to hybrid precoding for jointly designing
the baseband precoder and radio frequency (RF) precoder [52].

VI. NUMERICAL STUDIES

In this section, the proposed ERIPA for downlink systems
in massive MIMO is evaluated by simulations. In particular,
the channel coefficients in matrix H € CV*X are assumed
to be Gaussian distributed (i.e., corresponds to the Rayleigh
channel), which is known perfectly at the BS. Meanwhile,
following the works in [13], [14], and [38], the bit error rate
(BER) with respect to the transmitted source s is applied to
serve for the precoding performance comparison. This comes
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Fig. 2. BER versus the average SNR for 128 X 16 and 128 X 32 massive

MIMO systems with 64-QAM and 16-QAM.
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Fig. 3. BER versus the average SNR for a 128 x 16 massive MIMO system
with 64-QAM and a 128 X 32 massive MIMO system with 16-QAM.

from the fact that the comparison between the estimated t and
the linear solution t* can be simply evaluated by the compar-
ison between s and s* due to the relationship t = A~ls.
Here, we use “Eripa-u” and “Eripa” to respectively denote
ERIPA with random sampling probability shown in (18) and
with r—1 step conditional sampling probability shown in (54).
Unless otherwise stated, the block size in ERIPA is set as
q = 8 throughout the context. On the other hand, for a fair
comparison with other iterative precoding algorithms, the full
iteration with respect to ERIPA is adopted, which means that
all the entries of t are updated in each iteration k.

In Fig. 2, the BER performance of ERIPA with k£ = 3 is
illustrated in 128 x 16 and 128 x 32 massive MIMO sys-
tems with 64-QAM and 16-QAM, respectively. Clearly, in all
cases, ERIPA with multi-step conditional sampling probability
achieves a better precoding performance than that with random
sampling probability. Undoubtedly, this is in accordance with
the result given in Corollary 3. Meanwhile, one can observe
that compared to the performance of ERIPA in 128 x 16,
certain performance degradation is experienced with respect
to the case 128 x 32. This can be easily interpreted as less
received diversity gain is exploited due to the increment of
the antennas at the user side given a fixed number of received
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Fig. 4. BER versus the average SNR for a 128 X 16 massive MIMO system
with 64-QAM.
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Fig. 5. Mean squared error (MSE) versus the average SNR for a
128 x 16 massive MIMO system with 64-QAM.

antennas. Moreover, the change of the modulation size Q
also has an impact upon the precoding performance, and a
smaller modulation order naturally corresponds to a better
BER performance.

In Fig. 3, under different numbers of full iterations, the
BER performance of ERIPA is examined in a 128 x 16 mas-
sive MIMO system with 64-QAM (for £ = 1,2,3) and a
128 x 32 massive MIMO system with 16-QAM (for k£ =
2,3,4). As expected, for both cases, the performance of ERIPA
gradually improves with the increase of the full iteration
number k, which are in line with the results described in
Theorems 2 and 4. Undoubtedly, under the same number of
full iterations, ERIPA with multi-step conditional sampling
probability always obtains a better performance than that
with the random sampling probability. Besides the faster con-
vergence rate, the implementation of ERIPA with multi-step
conditional sampling probability is also much more efficient,
making it appealing for low-complexity linear precoding in
downlink massive MIMO systems.

In Fig. 4, the BER performance comparison over various
low-complexity iterative linear precoding schemes is illus-
trated in a 128 x 16 massive MIMO system with 64-QAM.
Typically, the NS precoding in [22], the Newton precoding
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Fig. 6. BER versus the average SNR for a 128 X 16 massive MIMO system
with 64-QAM with the normalized correlation coefficient ¢ = 0.05.
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Fig. 7. BER versus the average SNR for a 128 x 16 massive MIMO system
with 64-QAM with the normalized correlation coefficient ¢ = 0.1.

in [25], the Jacobi precoding in [20], the Richardson precoding

in [26] with the relaxation coefficient w = 1/(N + K), the

GS precoding in [28], the SOR precodlng in [31] with the

relaxation coefficient w = ) the Kacz-
IREERVA _[Q(I—D TA)]?

marz precoding in [39] are applied for comparison. As can
be seen clearly, under the same iteration number k& = 3, the
proposed ERIPA achieves a competitive BER performance
among them as a benefit of the fast convergence. More
importantly, besides the convergence gain, ERIPA also entails
a much lower complexity cost, which seamlessly incorporates
both the matrix multiplication and inversion into the designed
iterations. More specifically, near RZF precoding performance
can be attained by ERIPA with £k = 3. As a counterpart
of Fig. 4, Fig. 5 illustrates the mean squared error (MSE)
between the transmitted source information s and the received
information S at the user terminal (i.e., ||s — S]|). Intuitively,
according to (6), a better estimation of precoding matrix
G or vector t naturally correspond to a better precoding
performance, so as to a smaller MSE ||s —§]|. As clearly can
be observed, under the number of full iteration £ = 3, the
MSE of all the precoding schemes decrease gradually with the

70o(-) stands for the matrix spectral radius.
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Fig. 8. BER versus the average SNR for a 128 X 32 massive MIMO system
with 16-QAM.

improvement of SNR. More specifically, the proposed ERIPA
converges in a superior speed than other schemes and near
RZF performance in terms of MSE can be easily achieved by
it, which are in accordance with the results shown in Fig. 4.

Other than independent, identically, distributed (i.i.d.) Gaus-
sian fading channels, the impact of correlated channels for
the proposed ERIPA is also investigated in Fig. 6, where a
128 x 16 massive MIMO system with 64-QAM is con51dered
To be more specific, the correlated channel matrix R HR2
in [53] is applied. Ry, € CV*V and R, € CK*X indicate
the correlation matrices at the transmitter and receiver sides
respectively, i.e.,

1 Voo por-7 |
(4 L9
R, = P v 1 Wt
G
SN-D? gty 1

and R, obeys the same structure as R} but with K instead
of N. Meanwhile, the normalized correlation coefficient 1 >
¥ > 0 is exploited to adjust the underlying correlation,
where 1 = 0 corresponds to an uncorrelated scenario and
vice versa. Compared to the results for i.i.d. channels in
Fig. 4, the performance of all the iterative linear precoding
schemes deteriorate accordingly in Fig. 6 with ¢ = 0.05.
This can be well explained as a more correlated channel
means a higher condition number, which naturally results
in a slower convergence performance. Interestingly, due to
the correlated channels, the precoding schemes based on NS,
Newton, Jacobi, Richardson and so on do not perform well at
all. In contrast, the proposed ERIPA still works as the benefit
of global convergence. Note that the precoding schemes RIPA
and MRIPA from [38] are also added in Fig. 6 for a better
comparison. Although MRIPA enjoys a slightly better BER
performance than ERIPA, it requires a more higher complexity
cost than ERIPA and more details can be found in Table I.
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Fig. 10. BER versus the average SNR for a 128 x 64 massive MIMO system
with 16-QAM.

To be specific, Fig. 7 is given but with an improved normalized
correlation coefficient ¢ = 0.1. Clearly, the performance of all
the precoding schemes are degraded accordingly. Nevertheless,
near RZF performance can still be achieved by ERIPA with a
larger size k.

In Fig. 8, the BER performance comparison over different
low-complexity iterative linear precoding schemes is shown
for a 128 x 32 massive MIMO system with 16-QAM. Com-
pared to the case of 128 x 16, the received diversity gain in a
12832 massive MIMO system is reduced due to the increased
number of antennas at the user side. As such, the advantage
like favorable propagation can not be well exploited, and the
other precoding algorithms like NS, Newton, Jacobi and so
on fail to work. On the contrary, the proposed ERIPA still
works well to offer the competitive BER performance but with
the reduced complexity cost. On the other hand, the channel
with imperfect channel state information (CSI) is studied as
well, and Fig. 9 is illustrated as a counterpart of Fig. 8.
In particular, by letting the channel matrix with imperfect CSI
as H = H + AH, the case of imperfect CSI is taken into
account in the linear precoding, where AH is the channel
estimation error. Here, we set each of its elements follows
CN(0,02) with 02 = 0.1 [54], [55]. Intuitively, compared to

14815

1071 T T
—&— Eripa, k=3, =4, 128 x 16, 64-QAM
—-©-— Eripa, k=3, =8, 128 x 16, 64-QAM
— ¥ —Eripa, k=3, =16, 128x 16, 64-QAM
—B— Eripa, k=6, =4, 128 x 32, 16-QAM
—-A-—Eripa, k=6, q=8, 128 x 32, 16-QAM
— ¥X —Eripa, k=6, q=16, 128x 32, 16-QAM

BER

104
10 15 20 25 30
SNR(dB)

Fig. 11. BER versus the average SNR for a 128 x 16 massive MIMO system
with 64-QAM and a 128 x 32 massive MIMO system with 16-QAM.

the perfect case in Fig. 8, all the performance of the linear
precoding schemes (including RZF) degrade accordingly in
Fig. 9. Nevertheless, the near RZF performance still can be
attained by the proposed ERIPA with a moderate iteration
number k.

In Fig. 10, the BER performance comparison over various
iterative precoding schemes in a 128 x 64 massive MIMO sys-
tem with 16-QAM is provided. Clearly, in this case, only a few
iterative precoding schemes with global convergence can work,
and ERIPA has a competitive precoding performance among
them. On the other hand, compared to the cases of 128 x 16 and
128 x 32, more iterations are required to approach the near
NZF performance. This is easy to understand as less received
diversity gain can be utilized. Nevertheless, the precoding
performance still improves with the increment of iterations.
Note that although MRIPA has a better performance than the
proposed ERIPA under the same iterations, its computational
complexity is indeed much higher than that of ERIPA.

In Fig. 11, the various choices of ¢ in the proposed ERIPA
are studied respectively in a 128 x 16 massive MIMO system
with 64-QAM and a 128 x 32 massive MIMO system with
16-QAM. Typically, in both two cases, better precoding per-
formance can be achieved with the increase of ¢ = 4,8, 16.
This is because a larger size ¢ means more elements of t
are processed together, where the correlation among them can
be beneficially utilized therein. However, as shown in (17)
and (19), a larger size ¢ also incurs higher computational
complexity cost, implying a non-trivial trade-off between the
performance and complexity. As such, the block size ¢ should
be carefully selected for satisfying the various requirements.

In Fig. 12, the complexity compassion over iterative linear
precoding schemes is presented in terms of the flops with
respect to a full iteration. To be more specific, Table II is
also given for a better understanding. As expected, with the
increment of K, all the complexity costs of iterative precod-
ing schemes improve gradually. Among them, the precoding
schemes based NS and Newton methods require much higher
number of flops compared with others. This is because the
iterations in them are performed with respect to the matrices
rather than vectors. Meanwhile, the precoding schemes based

Authorized licensed use limited to: Southeast University. Downloaded on May 25,2025 at 07:48:40 UTC from IEEE Xplore. Restrictions apply.



14816

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 23, NO. 10, OCTOBER 2024

TABLE I

AVERAGE COMPLEXITY COMPARISON IN FLOPS WITH RESPECT TO A FULL ITERATION IN VARIOUS ITERATIVE LINEAR
PRECODING SCHEMES FOR A 128 X K MASSIVE MIMO SYSTEM

K=16 || K=24 || K=32 || K=40|| K=48 || K=56 || K=64
NS 66528 186576 || 397248 || 723120 || 1188768 || 1818768 || 2637696
Newton || 47072 124368 || 253888 || 447920 || 718752 || 1078672 || 1539968
Jacobi 35840 80640 143360 || 224000 | 322560 439040 573440
SOR 36032 80928 143744 || 224480 || 323136 439712 574208
MRIPA || 36848 82793 147070 || 229680 | 330610 449870 587456
ERIPA 37824 65661 97701 133425 172473 214593 259584
X 5 .y . . .
60 j probability on the convergence were also investigated, which
—X—NS . . . o 1o . .
E— Nowton give an explicit convergence rate for guiding the iterative
o5 _éfg;bi operations.
ERIPA On the other hand, by fully utilizing conditional sampling,
y ~©—MRIPA further enhancements with respect to ERIPA were provided
4 such that extra gains in terms of convergence and efficiency
/ﬁ are obtained as well. Motivated by this, multi-step conditional
sampling was adopted to ERIPA to facilitate its efficient
implementation. Compared to the existing low-complexity iter-
ative linear precoding schemes, ERIPA achieves a faster and
global convergence performance with less complexity cost,
thus making it rather promising in various practical scenarios
of massive MIMO in practice. Finally, simulations were given
16 " 32 2 8 = o4 to clearly illustrate the achieved gains of the proposed ERIPA

K

Fig. 12.  Complexity comparison in terms of flops for a 128 x K massive
MIMO system.

on Jacobi, SOR and MRIPA incur the same level complexity
cost. Different from them, by designing the iterations simpli-
fying both of matrix multiplication and inversion, the proposed
ERIPA achieves a much lower complexity. Typically, with
K = 40, about 37% percent computational complexity can be
saved by ERIPA compared with MRIPA. More importantly,
as shown in Table I, with the increment of the system dimen-
sion, a substantially higher order of computational complexity
can be further reduced. For example, as for the case of
K = 64, more than 50% percent complexity can be reduced
by ERIPA. Therefore, considerable complexity reduction with
negligible performance loss can be obtained by ERIPA such
that it is preferable in downlink massive MIMO systems.

VII. CONCLUSION

In this paper, a statistical low-complexity linear precoding,
ERIPA, was proposed for computational complexity reduc-
tion, which performs the iterations by jointly considering
the required matrix multiplication and inversion operations.
By doing this, the overall computational complexity of linear
precoding can be significantly reduced. Besides the complexity
reduction, according to theoretical demonstrations, we showed
that the proposed ERIPA not only enjoys an exponential
convergence performance but also attains the global conver-
gence. Meanwhile, the impacts of different random sampling

in terms of both performance and complexity over different
massive MIMO scenarios.
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